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1 Introduction 

^ I Variational principles are beautiful results in a dynamical system. Establishing vari- 

ational principle is an important topic in dynamical system theory. The first varia- 
tional principle that reveals the relationship between topological entropy and measure- 
theoretic entropy was obtained by L. Goodwyn [7] and T. Goodman [6]. M. Misiurewicz 
gave a short proof in [T5] . R. Bowen [3] established the variational principle of entropy 
for non-compact set in 1973. Y. Pesin and B. Pitskel studied the variational principle 
of pressure for non-compact set. 

Romagnoli [18] introduced two types of measure-theoretic entropies relative to a 
finite open cover and proved the variational principle between local entropy and one 
type. Later, Glasner and Weiss [5j proved that if the system is invertible, then the 
local variational principle is also true for another type measure-theoretic entropy. W. 
Huang & Y. Yi [10| obtained the variational principle of local pressure. W. Huang, 
X. Ye and G. Zhang [9] established the variational principle of local entropy for a 
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countable discrete amenable group action. B. Liang and K. Yan [14j generalized it to 
local pressure for sub-additive potentials of amenable group actions. 

Recently, L. Bowen |1], [2] introduced a notion of entropy for measure-preserving 
actions of a countable discrete sofic group on a standard probability space admitting 
a generating finite partition. Just after that, D. Kerr and H. Li [TT] established vari- 
ational principle of entropy for sofic group actions. G. Zhang [21] generalized it to 
the variational principle of local entropy for countable infinite sofic group actions. N. 
Chung [Ij generalized it to the variational principle of pressure for sofic group actions. 

Local sofic pressure is introduced and variational principle is established in this 
study. 

2 Preliminaries 

For a set Z, denote by J-'{Z) the set of all non-empty finite subsets of Z and by 
\Z\ its cardinality. For d G N, write [d] for the set {1,2,- ■■ ,d} and Sym((i) for the 
permutation group of [d] . Fix G to be a countable infinite discrete sofic group with unit 
e in this pape (except some special statements), i.e., there exists a sequence {(TjjjgN of 
maps (Tj : G — )■ Sjm{di),g — )■ CTj^g, which is asymptotically multiplicative and free in 
the sense that 

lim 3" |{a G [di] : ai,st{a) = ^,,^(7^,4 (a) }| = 1 

j— s-oo (Xj 

for all s, f G G and 

lim 3" |{a G [di] : 0-^,5 (a) 7^ 0-^,4 (a) }| = 1 

i—KX) di 

for all s 7^ t G G. 

Such a sequence S = {cTjjjgN with lim = 00 is referred as a sofic approximation 
sequence of G and fix S in this paper. 

Let {X, p) be a compact metric space. Denote by M{X) the set of all Borel proba- 
bility measures on X, by M{X, G) the set of all G— invariant Borel probability measures 
on X, by M^(X, G) the set of all ergodic measures on X, respectively. 

Let C{X) be the set of all real valued continuous functions on X. Define norm || • ||oo 
on C{X) by ||/||oo = sup The actions of G on points will usually be expressed 

by the concatenation (s, x) — )■ sx. For a map a : G — ?■ Sym(d) for some d G N, denote 
as{a) for s G G and a G [d] simply by sa when convenient. A continuous action a 
of G on {X,p) induces an action on G(X) as follows: for g G G(X) and s G G, the 
function as{g) is given by x — )■ g{s~^x). For Y C X, denote by Gy the set of covers 
of Y, by Cy the set of open covers of F(Open sets in Gy are with respect to X.), 
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and by Vx the set of all finite Borel partitions of X. Let U G and d G N, set 
= {Ui^ X Ui^ X ■ ■ ■ X : Ui^ eU,j = 1, - ■ ■ ,d}. For two given covers U,V G Cx,l^ 
is said to be finer than V (denoted by W ;>= V or V ^ W) if each element of U is contained 
in some element of V. For U G Cx and 7^ F C X, we set N{U, Y) to be the minimal 
cardinality of sub-families of U covering Y. Set N{U, 0) = by convention. 

Let F G J^{G) and 6 > 0. Let a be a map from G to Sym((i) for some d eN. 



Definition 2.1. [TT][T2][T3]L'e/^ne 

Map'^{F, 5, a) = < ip : [d] ^ X : max p2{(p o as,as o f) < S , where 



d \ 1/2 

d^ 



a=l 

There is another compatible metric on X'^ by 

Poo{^,ip) =maxp{ip{a),'ilj{a)). 

ae[d] 

Lemma 2.1. [21] Let pi and p2 be two compatible metrics on X and F G J^{G). Then 
for each ^2 > there exists ^2 > 5i > such that 

MapP' {F, 5i,a)c Map^^ {F, 82, a) 
for each map a : G ^ Sym(d) with some (i G N. 

Definition 2.2. [11] [I2] Let L e J^{C{X)) and p G M{X). Set 

d 



MapP^{L, F,5,a) = lip e Map^iF, 5, a) : max 



Definition 2.3. Let U E and f e C{X). Set 



d 



< 6 



d 

NP{cj, F, 6, U, f) = inf {^^ sup exp(^ f{^{a))) : /? G CuapPiFA^) and P)^^}, 
PP{F, 6,U, /) = hmsup ^ logiV''(a„ F, 6,U, /), 

i— )-oo (J'i 

P{U,f)= inf miPP{F,6,UJ), 

F£T{G)S>0 

P{X,f)= sup P{U,f). 
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Remark 2.1. (i) By Lemma \2. 1\ we have that P{U,f) does not depend on the com- 
patible metric on X. We call it local sofic pressure with respect to U and f. 
(ii) Simplify MapP{F, 6, a) as Map{F, 6, a), write N{ai, F, 6,U, f) instead ofNP{ai, F, 6,U, /), 
and abridge P'^{F, 6,U, f) to P{F, 6,U, /), although these quantities depend on the com- 
patible metric p. 

Definition 2.4. LetU E C° and f G C{X). Set 

d 

N*{a, F, 5,U, f) = inf{ V sup exp( V f{^{a))) : f3 G and /3 ^ W}, 

P* (F, 5MJ) = lim sup ^ log N* {a, ,F,6MJ), 
P*(U,f)= inf mfP*(F,6,UJ)- 

Remark 2.2. (i) tp : [d] X can be seen as a point {(p{l), ■ ■ • , V'(c^)) G X'^ (See ^21j) . 

(ii) Combining the variational principle in [4j and the variational principle in this study, 
we can obtain that P{X, f) coincides with the sofic pressure in [3]. 

(iii) P(U,0) = h{G,U), where the local entropy h{G,U) is defined in [2T| . 

(iv) It is obvious that P*(U, /) > P(U, /). We will prove the opposite inequality by the 
proof of the variational principle. 

Definition 2.5. [2T] LetU G C^. Define h^ilA) to be the ^-measure-theoretic entropy 
ofU as follows: 

h^^m F, S,U) = lim sup i log iV(W^% Map^(L, F, 6, a,)), 

i—^oo O'i 

hJU)= inf inf M h^iL, F,6,U). 

Remark 2.3. (i) h^j^iU) does not depend on the choice of compatible metric in X. 
(ii) Abbreviate Mapfj,{L,F,6,a) to Map'^{L,F,6,a), and write h^{L, F, 6,U) instead 
of h'^{L, F,6,U) for convenience, though the two quantities depend on the compatible 
metric in X. 



3 Variational principle for sofic local pressure 

We give two lemmas to state our main result. 

Lemma 3.1. If U E Cx^f ^ C'(X), then there exists /i G M{X,G) such that 
P*iUJ)<h,iU) + fiif). 
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Proof. Take a sequence e e Fi C F2 C • • • with e ^(G) for all i and \jFi = G. 

i 

Since (X, p) is a compact metric space, there exists a sequence {(/mlmeN that is dense 
in C[X). Set L„ = {/, ^fi, • • • , Qn)- There exists Q > such that max \\g\\oo ^ Q- 
Choose 5r, > such that 



fi) dri < min 



1 



12Q|F„| ' 9n 



ii) max \g{x) - g{y)\ < ^ for all x,y e X with p{x, y) < 



We will find some /i„ G Af (X) such that 

(i) V(L„,F„, 3^,^) + + g > P*{F^,5n,U,f); 

(ii) maxmax|//„(aj-i(^)) -/x„(c/)| < i. 

By weak* compactness there exists a finite subset D C M(X) such that for any 
map a : G ^ Sjm{d) for some d & N and any tp G Map{Fn, Sn, cr) there is a /x,^ G D 

such that maxmax|/x^(Q;j-i(5f)) - {'f*C){<^t-^{9))\ < ^n, where {f*C){h) = ^Yl h{fi<^)) 
for all h G C{X). 

For each (p G Map{Fn,Sn,<7), set A,^ = < a G [(i] : maxp((/7(to), i(/7(a)) < 
Then |A^| > (1 - 



Thus, 



maxmax|(^*C)(ttt-i(^)) - {{f ° (^t)*C){9)\ 
geLn teFn 



1 

< max max - 
geLn teFn d 



J2{9{M(^))-g{^{ta))) 



< ^\A^\--^ + ^2Q\F^\Snd 



< 



1 



1 



6n 6n 
and hence 



1 

3n' 



Moit-i{g)) - f^M\ 

< \n^{at-iig)) - (<^*C)(at-i(^))| + l(<^*C)(^) - 
\{^*0{at-i{g)) - {{(p o at)4){g)\ 



< 



n 



Now for any map a : G ^ Sym(d) with some d G N, for ^ G D, define 
W(_{Ln, Fn, Sn, 0") = {(^ G Map{Fn, Sn, a) : fJ,^ = S,} ■ 

Then 
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(i) W^{Ln, F„, 6n, cr) C Map^{L„, F„, ^, a), 

(ii) U W^{Ln,Fn,6n,a) = Map{Fn,6n,a). 

Enumerate the measures in D as follows: 
For any e > 0, there exists = e) G C'vi/^ (x,^ i;'^ 5^ „.) ^^"-^ f^i ^ ^'^'^^ ^^^^ 

d 

mi{J2 sup exp( J] /((^(a))) : p E C7^^.(x^,^^,,„,,)and ^ ^ W''} 

;7g/3¥'e!7nVFj.(L„,F„,5„,o-) ^^^^ ' 

d 

> sup exp(^/(vp(a)))e-'. 

jji-l^^ipeUnW^.(L„,F„,5„,a) g^^^ 

Simplify W^^{Ln, Fn,6n,(T) as Wi. 
Set 

k-WknWi=$ 
Then e C^. and 

V sup exp( V /((/?(a))) > V sup exp( V /((^(a))). 

^^^.^Gt/niy. a=i f^g^, ¥'6t/nw. 

For any V''* G if sup ^ > sup ^ f{if>{a)), then there 

<^6Map(F„,i5„,(T)ny" a=l (^gW^fenF" o=l 

d d 

exists e {1, 2, |Z}|} such that sup X] = sup ^ /(y'(o)) 

(/3gMap(F„,<5„,o-)ny" a=l (^eVKfenV" a=l 

with Wk n VFj 7^ 0. Choose G W^fc fl l^j, there exist two sequences C Wk and 

{v?}} C H^i such that ^p'j — )> 'f*,'^] — )■ v?* as j — )> 00. Choose sufficiently large j such 
that Poo{f'',(p*) < y/S^ and poo{<p),(p*) < y/S^- By the definition of supremum, there 



exist e n Wk and G V^" n W.-, such that 

(i) | sup E/(^(a))-E/(<^i(a))|<£,and 

(pGVi*nWk a=l a=l 

(ii) | sup j:ma))-tfiMa))\<^. 

(peV**nWi a=l a=l 

Since (pi,(fj G VFfe and <^2, G Wj, the following hold: 
(iu}\j:f{^r{a))-dUf)\<d5n, 

a=l 

(iv) \Ef(Vj(a))-dUf)\<d5n, 

a=l 



(v) |E/((^2(a))-c/6(/)|<rf5„,and 

a=l 

(vi) IE/(v^}(a))-C(/)l<c?5„. 

a=l 

Since Poo{<Pj, V*) < and poo{Vp V*) < v^, we have 

(vii) |E/('^}(a))-E/('^*(a))|<i^,and 

a=l a=l 

(viii) IE/(^J(a))-E/(¥'*(«))l<£- 

0=1 a=l 

Combining (i)-(viii) and trigonometrical inequalities, we have 



d 

sup ^/((^(a))- sup V/(<^(a))| < -. 



Hence, 



7V*(a,F„,(J„,W,/) 

PI d ^ 

<X]X] exp(^/((^(a)) + -). 



There exists v = E D such that 
N*{a,Fn,Sn,U,f) 

d ^ 

<\D\ J2 sup exp(^/((^(a)) + -) 

[/g^(^,,)Vec/nw.(L„,F„,5„,a) n 

d , 

< |D| inf{^ sup exp(^ /(vp(a)) + -) : e C^w.^^m,^) /? ^ ^-^je^ 



< \D\ exp(i.(/)d + 6nd + ^) mi{Y, 1 : e C^w^iLMu,.) ^nd ^ U''}e^ 

" C/G/3 

< PI exp(i/(/)d + 5„d + -)iV(W^ Map,(L„, F„, ^, a))e^ 

Letting a run through the terms of the sofic approximation sequence E, by the pigeon- 
hole principle there exists e D and a sequence i\ <i2 < • ■ • such that the following 
hold: 

(i) P\Fn,5nMJ) = lim ^logiV*K,F„,5„,Z^,/); 
(ii) 

^log7V*(a,,,F„,5„,W,/) 

< j- \og{\D\ eMMdi, + Sndi, + '^)N{U''^k , Map^^K, F„, a,J)e^), 



for all k eN; 

(iii) max \fin{at-i{g)) - ^.n{g)\ < ^- 

Then h^„iLn,Fn, ^,U) + l^nif ) + f > P*{Fr„S^,U, f )- 

Let jj, he Si weak* limit point of the sequence {/injneN- li t E G and g e {^'mjmeN, 
then 

< \ii{at-iig))) - iiniat-^ig))\ + \nn{at-^{g)) - i^nig)\ + li^nig) - M\- 

Since the infimum of the right hand side over all n G N is and {gm}men is dense in 
C{X), we deduce that ^ is G-invariant. 

Let F e J^{G),L e J^iC{X)) and 5 > 0. Take an integer n such that F G Fn,^< 
J, max \lJ"nig)—IJ'ig)\ < I and for any G L, there exists 5'' G L„ such that Ik— (^'lloo < 

|. Then for any map a from G to Sym((i) for some d E N,(p E Map^^{Ln, Fn, 
and g E L, we have 



|(vp.C)(^/)-M^/)l 

< Kv'^Ol^) - (<^*C)(^')I + IMig') - t^n{g')\ + M') - pin{g)\ + M) - M\ 
3S 1 , 

and hence (p G Mapn{L,F,5,a). Thus Map^„(L„, F„, cr) C Mapn{L,F,5,a) and 
then 



1 5 

> K^iLr^, Fr,, —,U) + finif) " ^ 

6n D 

>P*(W,/)-(5. 
Consequently, P*(U,f) < h^(U) + 11(f). 

Lemma 3.2. IfU E C^c, f E C(X), then P(U, f) > max {hJU) + iiif)}- 

IJ.eM{X,G) 

Proof. Let F E T{G), and 5 > 0. Set Li = {/}. There exists ^ G C'j\^ap(F,«,ai)a^<i 
/3 ^ such that 
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N{ai,F,^-,UJ)exp{^) 

di 

>^ sup exp(^/((/p(a))) 

[/gy3Vef/nMop(F,f,CTi) a=l 

di 

>^ sup exp(^/(^(a))) 

U^l3ip€UnMap^{Li,F,^,ai) a=l 



Thus, 



P{F, ^-,U, f) > h,{L,, F, ^-M) + M - 

P{F,^-,UJ) + ^->h,{U) + f,{f). 
Letting 5 — >• 0, we have 

p(w,/)>/i^(w) + M/). 

Theorem 3.1. (variational priciple) IfU eC^J e C{X), then P{U, f) = P*(W, /) = 

The following corollary can be obtained directly from the variational principle. 

Corollary 3.1. IfUeC^d^e M(X, G), then h^{U) < inf {P{U, f) - . 

fec(x) 

4 Properties of local sofic pressure 

In this section, we are to compare local sofic pressure with classical counterparts in 
the setting of the group being amenable and to study properties of local sofic pressure. 
This section makes full use of variational principles. 

A group G is said to be amenable if for all e > and all K e J^{G), there exists 
F e J^{G) such that 



\FAKF\ 



< e. 



A countable group is amenable if and only if there is a sequence {F„}nGN C J^{G) such 
that 

hm — = 0, 

for all K e T{G) . Such a sequence is called a F^lner sequence of G. 



9 



Now, we give the definition of local amenable pressure which is a special case in 

Let (X, G) be a system, where G is a countable infinite amenable group. For 
U,V e Cx,setUyV = {UnV -.U eU,V eV}. Given F G T{G) and U G Cx, set 

Let u e M{X) and a G Px- Set if^(a) = - ^ //(A) log z/(A), and //^(V) = 
inf HJa). 

For ^ G J^(G'),W G and / G C(X), define 

P^{U, f) = inf <^ V sup efs^ : V G Cx and V :^ We > • 

The existence of the following limits are due to Ornstein and Weiss [16]. 

P\UJ) = hm ^logP^jW,/), 

where {Fn}n&i is a F(/)lner sequence. 
Let W G Q and /i G M(X, G). Set 

= hm r^M,{UF^) 

where {F„}„gN is a F01ner sequence. 

Theorem 4.1. If G is a countable amenable group. Let U G Cx,f G C{X), then 
P(W,/) = P"(W,/). 

Proo/. 

P(W,/)= sup {h,iU) + fi{f)} 

fj.eM(X,G) 

= sup {h;iu) + M} 

fj,€M{X,G) 

The second equality depends on the fact that h^^iU) = h^{U) (see |2ll)- The third 
equality relies on the variational principle in [T3]. 

Proposition 4.1. Let U G C^. If f,g G C(X),s G G and c G M, i/ien i/ie following 
hold: 

(i) P(W,/ + c) = P(W,/) + c, 

(ii) P{UJ + g)<PiMJ) + P{U,g), 

(iii) If f <g, then P{UJ) < P{U,g), m particular, h{G,U) + -^i^f < PiMJ) < 
h{G,U) + maxf, andPiUJ) < P{U,\f\), 
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(iv) P{U, ■) is either finite valued or constantly ±00, 

(v) //F(W,-) ^±00, then \\PipiJ) - Pipi , g)\\ < \\f - g\U 

(vi) P{UJ + goa,-g) = PiUJ), 

(vii) Assume that F(W, ■) ^ -00, F(W, c/) < c • F(W, f) if c > I and P{U, cf) > 
c-P{UJ) zfc<l. 

(viii) P{U, ■) zs convex. 

Proof, (i), (ii), (iii), (vi), (vii) and (viii) can be obtained from variational principle 
(Theorem 13. ip easily, (iv) are from (iii), and (v) are from (i) and (iii). 
Recall that a finite signed measure on X is a map /i : B{X) — >■ R which is countably 
additive, where B{X) is the cr-algebra of Borel subsets of X. (See POJP221) 

Theorem 4.2. Assume that h{G,U) 7^ ±00. Let ^ : B{X) M. be a finite signed 
measure. If fi{f) < P{U, f) for all f e C(X), then G M(X, G). 

Proof. Firstly, show n takes only non- negative values. Suppose / > 0. If ft; > and 
n > we have 



li{n{f + k)) 

= -fi{-n{f + k)) > -P{U, -n{f + k)) 

> -{h{G,U) + max(-n(/ + k))) 
= -h{G,U) + nmin(/ + ft;) 

> for large n. 

Therefore //(/ + ft;) > and hence /i(/) > as desired. 

Secondly, show fi{X) = 1. If G Z then fi{n) < P(U,n) = h{G,U) + n, so that 
fi{X) < 1 + if n > and hence fi{X) < 1, and ^{X) > 1 + if n < and 

hence /i(X) > 1. Therefore /i(X) = 1. 

Thirdly, we show 12 G M{X, G). Let s G G, n G Z and / G C{X).n^{f o a, - /) < 
P{U, n{f oag — f)) = h{G,U). If n > then dividing both sides by n and letting n go to 
00 yields yu(/ o — /) < 0, and if n < then dividing both sides by n and letting n go 
to —00 yields /i(/ o — f) > 0. Therefore /i(/ o a^) = //(/), for any / G C{X), s E G. 
Thus fx G M{X, G). 

Now, we end this paper with the following questions: 

(i) Let U G Gx, and ^ G M{X,G). Let = Jj^j^^j^^^mdT^m) be the ergodic 
decomposition of /i. Do we have hfj_(U) = Jj^^f^xG) hmiM)dT{m)l 

(ii) Does Theorem 14.21 still hold without the hypothesis h{G,U) 7^ ±00? 

(iii) Does the opposite inequality of Corollary 13. II hold? 

In fact. If (i) is true, then it is easy to prove that (iii) holds. 
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